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Motivation

Recent experiments
Homogeneous box potentials

Phys. Rev. Lett. 118, 123401 (2017)

Phys. Rev. Lett. 122, 203402 (2019)

Excitation spectrum and pseudogap

Phys. Rev. Lett. 128, 100401 (2022)

Nature 626, 288–293 (2024)
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Motivation

Why is it so hard?

We want correlation functions at finite temperature.
Standard numerical methods are formulated in imaginary frequencies.

Analytic continuation of numerical data
from Matsubara frequencies iωn to real
frequencies ω poses an ill-conditioned
task with large systematic uncertainties.

Analytic continuation iωn → ω + i0+

ω

iωn

?

In this work, we evaluate all quantities directly in real ω.
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BCS-BEC Crossover

Model

Spin-balanced two-component Fermi gas in 3D.

Single-channel model:

S [ψ, ϕ] =

∫
τ,x

[
ψ∗
σ

(
∂τ −∇2 − µ

)
ψσ

− h
(
ϕ∗ψ↑ψ↓ − ϕψ∗

↑ψ
∗
↓
)

+ νϕ∗ϕ
]
.

Feshbach coupling h, detuning ν.

BCS-BEC crossover phase diagram
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Scattering length: kFa = − h2

8πν .

Hubbard-Stratonovich transformation

ψ↓

ψ↑ φ
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Methods

Methods

Spectral Dyson-Schwinger equations:

+
−1−1

=
ρψ

ρφ

ρψ

−
−1−1

=
ρφ ρψ

ρψ

Spectral representation:

G (iωn,p) =
∫ ∞

−∞
dλ

ρ(λ,p)
−iωn + λ

.

Spectral function:

ρ(ω,p) =
1
π

ImG (ω + i0+,p) .
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Methods

Analytic continuation

Insert spectral representation in loop integrals:

Σ(iωn,p) ∼
∫

q
T
∑
ϵm

G1(iϵm,q)G2(iϵm − iωn,q − p) .

Calculate Matsubara sums analytically:

Σ(iωn,p) ∼
∫

q

∫
λ1,λ2

ρ1(λ1,q)ρ2(λ2,q − p)I (iωn, λ1, λ2) .

−→ Analytic continuation iωn → ω + i0+ possible!

Define retarded self-energy:

ΣR(ω,p) = Σ(ω + i0+,p) .
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Methods

Evaluation at real frequencies

Imaginary part at real frequencies ω:

ImΣR
ψ(ω,p) ∼

∫
λ,q

ρϕ(ω + λ,q) ρψ(λ,q − p)

× [−nB(ω + λ)− nF (λ)] ,

ImΠR
ϕ (ω,q) ∼

∫
λ,p

ρψ(ω − λ,p) ρψ(λ,q − p)

× [1 − nF (ω − λ)− nF (λ)] ,

Real part from Kramers-Kronig relation:

ReΣR
ψ(ω,p) =

1
π
P

∫
λ

ImΣR
ψ(λ,p)

λ− ω
.
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Results

Spectral functions

Fermionic spectral function ρψ(ω, p) εF at T/TF = 0.56.

1/kF a = −0.5 1/kF a = 0 1/kF a = 0.5

Bosonic dimer spectral function h2ρϕ(ω, p)√εF /(8π) at T/TF = 0.56.

1/kF a = −0.5 1/kF a = 0 1/kF a = 0.5
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Results

Radio-frequency (Rf) spectra
Experiment (MIT 2019) Theory (This work)
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I (ω) =

∫
q
ρψ(q2 − ω − µ,q) nF (q2 − ω − µ)
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Results

Comparison with thermodynamic results

Momentum density distribution
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n(p) =
∫
λ
ρψ(λ,p) nF (λ)

Density equation of state

1.5 1.0 0.5 0.0 0.5 1.0 1.5 2.0 2.5
1.0

1.5

2.0

2.5

3.0

n/
n 0

Experiment (MIT)
Lattice
Luttinger-Ward
Spectral (This work)

n = 2
∫

p
n(p)
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Outlook

Outlook

Extensions:
Full spectral functions in the superfluid phase
Spin-imbalance and mass-imbalance
Inclusion of vertex corrections

Applications:
Bose-Fermi mixtures and superconductors
Transport properties and shear viscosity
Sound and heat transport
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Outlook

Thank you for your attention!
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