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One-Loop QED Corrections

Quantum Electrodynamics (QED)
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https://www.mpi-hd.mpg.de/mpi/fileadmin/bilder/Progress_Reports/2017-19/
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One-Loop QED Corrections

Quantum Electrodynamics (QED)

Figure: Scheme of the QED contributions to the electronic structure of
highly charged ions.!
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One-Loop QED Corrections

One-Loop Energy Corrections

Vacuum Polarization:

Self-Energy Correction:

7
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Vacuum Polarization

Vacuum Polarization:

Modification of the Photon Propagator:
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Inspired by [9]
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One-Loop g Factor Corrections

19 9
- L

Figure: Feynman diagrams representing the first-order radiative
corrections to the g factor of the bound electron.
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g Factor

The g Factor is given by [18]:

if the potential V/(r) does not depend on the electron mass me.
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One-Loop QED Corrections

g Factor

The g Factor is given by [18]:

if the potential V/(r) does not depend on the electron mass me.

Small Perturbation of the potential 6V/(r) leads to

B K2 asV(r)
86 =~ Ty () ®)
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Leptonic Vacuum Polarization

Leptonic Uehling Potential [9]:

SV(r) = O‘/Ol dv vi(1-v2/3) <_Zo‘e—2m/r/\/ﬁ> .4

T 1—v2 r

where my is the mass of the virtual particle in the fermionic loop.
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Leptonic Uehling Potential [9]:

SV(r) = O‘/Ol dv vi(1-v2/3) <_Zo‘e—2m/r/\/ﬁ> .4

0 1—v2 r
where my is the mass of the virtual particle in the fermionic loop.

Energy Shift of the 1s State:

AEZPS VP = (5V(r))y, = /0 " (G2() + FA(r) 3V(r). (5)
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Leptonic Vacuum Polarization

Leptonic Uehling Potential [9]:

SV(r) = O‘/Ol dv vi(1-v2/3) <_Zo‘e—2m/r/\/ﬁ> .4

0 1—v2 r
where my is the mass of the virtual particle in the fermionic loop.

Energy Shift of the 1s State:
AEP VP = (5V(r))ys = /0 dr (G&(r) + F2(r)) 6V(r). (5)

g Factor Shift of the 1s State:

lept. VP __ 4 a(sv(r)
pety V7 - o (251 ©)
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Leptonic
Hadronic

Vacuum Polarization Correc

24 Chapter 4 Leptonic Vacuum Polarization 41 Energy Shift 25

4.1. Energy Shift Her, € = 17, and Bla) s the beta fonton dfed n Appendix A Perorning
the substittion y = v dy = 2, one obtains finally

We now perform the caleulations for the cnergy shift of the 1s state in hydrogen-like ,
¥ /‘ vy (1-47) L gy (=)
o VI—32 [+ sZagP' 3Jo Vi-iF [+ sZayl”

Zo?(sZ0)"'A

atoms due to the leptonic Uehling potential. When [y1,) denotes the bound electron AR =

wave function of the ground state in a point-like Coulomb potential, the encrgy shift in
first-order perturbation theory is given by

AEYF =

This result was already derived in [27] and reference therein. The difference is that in
[27], the result was derived for the clectron as loop-particle and clectrons or muons as

bound particles. Here, we considered the clectron as bound particle and arbitrary leptons

as loop-particles.

To investigate this all-order in Zo result, we may expand (4.7) in a series for small Za to

r get a simple and handy formula for the correction due to the leptonic Uehling potential.

expansion:

N vp_ ame [_42(Za)! | 5md(Za)®
! A= 5 i
i
B
- Za)*) (48)
Z02(sZa)"x Therefore, the enery shift correction fo leptonic xacuun polarization i of the lending
7/ rU-vAR-v) (4.5) order (Za)*. The first term of expression (4.8) coincides with the result of the simplest
: proximation of the polarization function [13, 16, 24]. Since this leads to a Dirac delta
where we used the relation Tz + 1) = 2T(x) and that A/m = sZa, where s = me/m is function, we wil call it the d-potential approximation

the ratio of the clectron and the loop particle masscs, With formula (4.7), one ean calculate the energy shift contribution for any leptonic vacuum
As equation (4.7) or (4.8) show, the heavier the loop particle is, the smaller is the
mcasurcabl afect, Afier tho ¢-¢*-Joop, the next. important contribution 8 due to the
4~ p*-loop, also called muonic vacuum polarization, where a muon and anti-muon pair is

This integral can now be solved analytically with the base integral given in [28]:
Ly
Tue = / dy %(
o v
L gy 1
= 3(sZa) 7B (u+§ -

o es b-e 1
\,r,(T R ok

produced in the loop. The effect of muonic vacuum polarization is around s? = 1/2072 ~
21077 times smaller than that of the electronic vacuum polarization.

Figure 4.1 shows the absolute value of the muonic vacuum polarization contribution to
tho encrgy shift for differcnt charge mumbers Z, calculated with the exact formula (4.7)
and its approximation (4.8) up to 5th order. It should be mentioned that the Uchling
the corresponding energy

potential is attractive and results in a stronger binding. Thus,

i (a4 20 kit 1s negative. The corretion for lons with chargo mumbers Z < 8 is s small that ts
i vlue I ot viibe in this diagrann.
R e (16) e et 8, 5 oo e applied to g, ettt or fos cnsidered i s
2 2 2 work, or to muonic atoms by replacing the electron mass m, with the muon mass m,,
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Energy Shift for a point-like Nucleus:

2
AE{ipt. VP _ _Za A |:/122 _ ;I222:|
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Leptonic Vacuum Polarization

Energy Shift for a point-like Nucleus:

Za’ A 1
AEIept. VP — / _ 7
1s o 122 — 3h22 (7)
g Factor Shift for a point-like Nucleus:
8a(Za) Zas 1
NgPt VP = hs — shgy + 295 (gp — L1 :
81s 3rs 133 — 3233 + 2 122 — 3l

(8)
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Hadronic Vacuum Polarization

Real Part of the Hadronic Polarization Function [4]:

Re [Mhad(q%)] = Ai + BiIn(1 + Giq?), (9)
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Hadronic Vacuum Polarization

Real Part of the Hadronic Polarization Function [4]:
Re [Mhaa(q®)] = A; + BiIn(1 + Gig?), (9)

The parameters are given by

ka - ks 10.0 - mz  0.0010485 0.0029431 1.0
ks - ke mz - 10* 0.0012234 0.0029237 1.0
ks - k¢ 10*-10°  0.0016894 0.0028984 1.0

i Region Range [GeV] A; Bi G [Gev2]
1 0-k 00-07 0.0 0.0023092 3.9925370
2 ki - kp 0.7-20 0.0 0.0022333 4.2191779
3 ka- ks 2.0-4.0 0.0 0.0024402 3.2496684
4 k3 - kg 40-10.0 0.0 0.0027340 2.0995092
5
6
7
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Hadronic Uehling Potential

Numerical Hadronic Uehling Potential for a point-like Nucleus:

SV P (1) = 222 Z/ dq sm(qr) [A: + Biin(1 + Gig?)] .

(10)
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Hadronic Uehling Potential

Numerical Hadronic Uehling Potential for a point-like Nucleus:

SV P (1) = 222 Z/ dq sm(qr) [A: + Biin(1 + Gig?)] .

(10)
Analytical Hadronic Uehling Potential for a point-like Nucleus:
2Za [° | sin(gr
0 ahnaadlyt\lf:lzl(r) = _77/0 dq (f:) [A1 + BiIn(1 + Ci1¢°)]

:—2Z—a81 E: <\/%1) (11)
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Hadronic Uehling Potential
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Figure: Comparison of leptonic and hadronic Uehling potential.
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Energy Shift of the 1s State for a point-like Nucleus:

ZaX2M/C)P'B
AEP VP — ( o DL 2F1 (2% 27,142y, =2\ C1> :
(12)
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Energy Shift of the 1s State for a point-like Nucleus:

ZaX2M/C)P'B
AEP VP — ( o DL 2F1 (2% 27,142y, =2\ C1> :
(12)

Za Expansion:

32B,Cmi(Za)®

3
— 4B Cim3(Za)® |1+ 6Cim? — In(2Za Clme)} :
(13)

AEPS VP o~ 4B Cimd(Za)* +
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Z AE i [V AET (V] AELE S [eV]

1 —1.3963-107% —1.39(33)-107'' —1.391(4)-1071
14 -5.9178-10~7 —5.90(18)-10~" —5.756(1) 107
20 -2.7133-107° —2.71(5)-107% —2.5596(3)-10~°
70 —3.1090-107% —3.109(4) 1073 —1.248(1) 1073

1)-
82 —1.4128-1072 —1.413(1)-1072 —3.693(4) 1073

Table: Energy shifts for hadronic VP.
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g Factor Shift of the 1s State for a point-like Nucleus:

Aghad- VP _ _831(204)2(2/\\/ Q) 4
s 37(14+22/G)> ' 3me

AE,pprox- (14)

Eugen Dizer Bachelor Thesis 20



Leptonic

Vacuum Polarization Correction 5
Hadronic

Hadronic g Factor Shift

g Factor Shift of the 1s State for a point-like Nucleus:

Aghad- VP _ _831(204)2(2/\\/ Q) 4
s 37(14+22/G)> ' 3me

AE,pprox- (14)

Za Expansion:

5128, C/?m3(Za)?
A2t VP~ —16B,Cim2(Za)t + == 19me( o)
16B; Cim3(Z«)®
_16B; 1;%( @) 2+30C1m§—3|n(2meza\/a)},

(15)
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Hadronic g Factor Shift

z Ag:r?;ryttical Agr?:)ri:;ical Agjr?ri»trgXSize

—1.0929-10716  —1.09(9) - 107 —1.09(2)-10716
14 —4.6157-10712 —4.61(5)-10712 —4.49(1) 10712
20 -2.1085-10"1 —2.11(2)-1071 —1.99(1)-1071
70 —2.2051-107% —2.205(1)-10"% —8.86(1)-10~°

82 —9.5886-10"% —9.589(3)-10"% -—2.51(1)-10°8

[y

Table: g factor shifts for hadronic VP.

Eugen Dizer Bachelor Thesis 21



Self-Energy Correction to Energy Levels

Outline

@ Seclf-Energy Correction to Energy Levels

Eugen Dizer Bachelor Thesis 22



Self-Energy Correction to Energy Levels

Self-Energy Correction

Eugen Dizer Bachelor Thesis 23



Self-Energy Correction to Energy Levels

Self-Energy Correction

]

d'k 1
SE _ _ ;.2
AE>F = ,e/(zw)“(2 <¢

o Divergent Expression

o L VAl
P_k_me_’y v

).

(16)

@ Exact Coulomb-Dirac Propagator only known in Coordinate
Space
o Evaluation of the above Expression difficult
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Self-Energy Correction to Energy Levels

Self-Energy Correction

]

d'k 1
SE _ _ ;.2
AE>F = ,e/(zw)“(2 <¢

o Divergent Expression

o L VAl
P_k_me_’y v

).

(16)

@ Exact Coulomb-Dirac Propagator only known in Coordinate
Space
o Evaluation of the above Expression difficult

— Approximation!
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Self-Energy Correction to Energy Levels

Dimensional Regularization

Idea: Integrals in QFT are only divergent in 3 or 4 dimensions!
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Dimensional Regularization

Idea: Integrals in QFT are only divergent in 3 or 4 dimensions!
= Analytical Continuation to d =3 —2¢ and D =4 — 2¢.
— Taylor Expansion for small .
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Self-Energy Correction to Energy Levels

Dimensional Regularization

Idea: Integrals in QFT are only divergent in 3 or 4 dimensions!
= Analytical Continuation to d =3 —2¢ and D =4 — 2¢.
— Taylor Expansion for small .

This Regularization Technique yields the well-known Result [9]

4
AE]-SSE — %(Za)“'me g — 2|n(ZOZ) - In kO ) (17)
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Self-Energy Correction to Energy Levels

Dimensional Regularization

Idea: Integrals in QFT are only divergent in 3 or 4 dimensions!
= Analytical Continuation to d =3 —2¢ and D =4 — 2¢.
— Taylor Expansion for small .

This Regularization Technique yields the well-known Result [9]

4
AESE — %(Za)“me [Z —2In(Za) —In kO] ) (17)

where the Bethe logarithm In kg is defined as

In ko =
n3
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Self-Energy Correction to Energy Levels

Bethe Logarithm

Integral representation of the Bethe logarithm [13]:
3 Vo1 /2-1 2 82
Inko(n) = — > PV [ dt = [ —=Pug(t) + — — —
n ko(n) 4 /0 t3 ( nt? alt) + 3n 3 >
—21In(n), (19)

PV denotes the principal value and P,4(t) is the non-relativistic
dipol matrix element:

1
Pnd = 5 <¢nlm

3me

pH_(}E_w)p‘ ¢n/m> : (20)
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Conclusion

Fundamental Properties of the Bound Electron
Analytic Evaluation of One-Loop QED Corrections
Leptonic Vacuum Polarization

Hadronic Vacuum Polarization

Dimensional Regularization of One-Loop Self-Energy

Analytic Evaluation of 1s Bethe logarithm
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Outlook

Hadronic Energy Shift (Paper with J. S. Breidenbach)
Hadronic g Factor Shift for Extended Nucleus (Paper)
Nucleus Models

Bethe logarithm for 2s state

Bethe logarithm for general ns state

— Plenty of Room for Analytical Work!
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Thank you and stay healthy!
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